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AXISYMMETRIC STRESSED STATE OF THE ADHESIVE
JOINT OF TWO CYLINDRICAL SHELLS UNDER
AXIAL TENSION

C.C. Kypennos, K.II. bapaxos, [.B. [eopeyvka. OcecUMeTPUYHUN HANPY:KeHUH CTaH KJIei0BOro 3’€IHAHHSA [BOX
HUTIHAPHYHUX 000JI0HOK NPH 0CHOBOMY PO3TsIraHHi. Po3risiHyTa 3a1a4a JOCTIKCHHS HAPY>KEHO-1e(h)OPMOBAHOIO CTaHy KOHCTPYKIIII,
CKJIaZICHOI 3 [BOX CKJICEHMX KOAKCIadbHMX LIUTIHAPUYHUX TPyO. LIumo poboTH € yTOYHEHHs KiIacH4YHOI MOJEIN HAmpyKEHOro CTaHy
3’€/IHAHHA Ta JOCHI/UKCHHS TOYHOCTI 3alporoHOBaHOI Mozedi i yMoB 1i 3acTtocyBaHHsA. TpyOM pO3IIANAIOTBCS SK TOHKOCTiHHI
OcecHMETpUYHI 00O0JIOHKH, sIKi 3’€/IHaHI 3a JIONMOMOTOK KJIEHOBOro Iapy HEHY/IbOBOT TOBIIMHU. JIOTHYHI HAaNpy>XEHHs B Kiiel BBOXKAOTHCS
MOCTIHHMMH 32 TOBLIMHOI KJIEHOBOTO IIapy Ta JIIOYMMH JIHIIE B HOrO CepequHHIi moBepxHi. HopmaibHi HampyKeHHS MOKJIAaJar0ThCs
JiHIIHO 3aJIeKHUMH BiJl pajiaJibHOi KOOpAUHATH. JJOTHYHI HApyXXeHHs y KIeHOBOMY Iapi MpOMopLiliHi Pi3HHULI MO3J0BXKHIX MepeMilleHb
CTOpiH OOOJIOHOK, sIKi 0OepHEeHi o KieioBoro mapy. HopManibHi HanpyXKeHHsS — NPOMOpPLiiiHI PI3HULI paAialbHUX IEPEMIleHb 000JIOHOK.
3agady 3HaXOIDKEHHS HANpy>KeHO-1e(OPMOBAHOTO CTaHy 3’€JHAHHS 3BEACHO JI0 CUCTEMH YOTHUPHOX 3BHYAWHMX NH(EpeHLINHUX PIBHSIHB
BIZIHOCHO pajiajIbHUX Ta IO3JIOBXHIX NepeMimieHp mapiB. CHCTeMy po3B’si3aHO MaTpHYHUM MertonoM. [lepemimieHHs ImapiB 3a Mexamu
CKJICHKN 3HAXOITHCS 33 KIACHYHOI TEOPII0 OCECHMETPUYHUX 00O0JIIOHOK. 3a/I0BOJICHHS KPAflOBHX YMOB Ta YMOB CIPSDKCHHS HPH3BOIHTD
JI0 CUCTEMH JBAJIIATH JBOX JIIHIHUX PIBHSHB 13 ABAALSATH JBOMA HEBITOMUMHU KoediieHTamu. PO3B’s13aHO MOJIENbHY 33/1a4y, PE3YJIbTaTH
TOPIBHSIHO 3 PO3paxyHKaM¥, BUKOHAHUMH 32 JIOIIOMOTOI0 METOIYy CKiHYEHHMX eJIeMeHTiB. J[OTHYHI Ta HOpMalbHI HAampyXeHHsS y Kiei
JOCSTalTh MaKCHMAIbHUX 3HA4YCHb HA Kpasx KieHoBoro mmBa. [lokaszaHo, MO 3alpONOHOBAaHAa MOJECIb 3 BHCOKOK TOYHICTIO OIHUCYE
HaNpy)KCHUH CTaH 3’€[HAHHS, SKe Ma€ HAIUIMBH 3aJIMIIKIB KJICIO HA KIHIUIX IIBA aje He MOXe OyTH 3aCTOCOBAaHA y BHUNAJKY BIACYTHOCTI
HAIUIMBIB Kieto. ToMy I0 y TakoMy pasi JOTUYHI HaNpY»KEHHs BHACIIIOK 3aKOHY MAPHOCTI AOCATAI0Th MAKCMMAJIbHUX 3HAYCHb HE Ha Kparo,
a Ha JesKiil BiACTaHi BiJ Kpaw IBa. BHACTIZOK IIbOTO PO3MOMLT HOPMAIbHHUX HANPYXKECHb Y KAl IIBA TaKOX CYTTEBO 3MIHIOETHCS i
BIAPI3HAETHCS BiX PO3PAXYHKIB 3a 3alPOHOHOBAHOI0 MOJCIUII0. TaKMM YMHOM, MaTeMaTHYHA MOZAE/b 3 €AHAHHSI 33 [IEBHUX 0OMEKEHb Mae
JIOCTATHIO JUIsl iH)KEHEPHUX 3a/1a4 TOYHICTb i MOJKe OyTH BUKOPHCTaHa JUlsl PO3B’s3aHHS 3a1a4 IPOEKTYBAHHS KOHCTPYKIIii.
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S. Kurennov, K. Barakhov, D. Dvoretskaya. Axisymmetric stressed state of the adhesive joint of two cylindrical shells under
axial tension. The research of the deflected mode of the construction, composed of two coaxially-glued cylindrical pipes, is done. Pipes are
considered as thin-walled axisymmetric shells, which are joined by adhesive layer of a certain thickness. The shearing stresses in the glue are
considered to be constant over the thickness of the adhesive layer, and normal stresses are linearly dependent on the radial coordinate. The
shearing stresses in the adhesive layer are considered to be proportional to the difference in the longitudinal displacements of the shell sides
that are faced to the adhesive layer. Normal stresses are proportional to the difference in radial displacement of the shells. It is supposed that
the change in the adhesive layer thickness under deformation does not affect the stress, that is, the linear model is considered. The problem of
the joint deflected mode finding is reduced to the system of four ordinary differential equations relative to the radial and longitudinal
displacements of the layers. The system is solved by the matrix method. Displacements of layers outside of the adherent area can be found by
the classical theory of axisymmetric shells. Satisfaction of boundary conditions and conjugation conditions leads to a system of twenty two
linear equations with twenty two unknown coefficients. The model problem is solved; the results are compared with the computation made
by the finite element method. The tangential and normal stresses in the glue reach the maximum values at the edges of the adhesive line. It is
shown that the proposed model describes the stressed state of the joint with high accuracy, and this joint has an influx of glue residues at the
ends of the adhesive line but cannot be applied in the absence of adhesive influxes. Because in this case, the tangential stresses due to the
parity rule reach maximum values not on the edge, but at some distance from the edge of the line. As a result, the distribution of normal
stresses at the edge of the line also substantially changes. Thus, the proposed model with certain restrictions has sufficient accuracy for
engineering problems and can be used to solve design problems.
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Introduction. Adhesive joints of coaxial cylindrical pipes are common elements in the design of
aviation, rocket and space technology. Such joints have several advantages compared with other clas-
sical types of compounds. Such advantages are tightness, high aerodynamic efficiency, manufactura-
bility, low weight, etc. However, the control of adhesive joints is difficult, and the operating experi-
ence of composite structures shows that the loss of the bearing capacity of the structure often occurs
due to the destruction of the connecting nodes. This is due to the fact that it is difficult to achieve uni-
form transmission of forces from one structural element to another in an overlap joint. As a rule, stress
concentration occurs in the joint seam at the edges of the gluing, which reduces the strength of the
structure. Therefore, the calculation of connecting elements is an important component of the calcula-
tion of aggregates for strength.

Analysis of publications. The task of determining in an analytical form the stress-strain state (SSS)
of the connections of cylindrical pipes in the general formulation has not yet been solved. For the de-
scription of the coaxial pipe connections, in the analytical form of the SSS, exclusively axisymmetric
models are used. Consider connections transmitting torque [1] or longitudinal load [2]. Mathematical
models of compounds transmitting longitudinal load can be divided into two types. In the first case,
the connected pipes are considered as thin-walled cylindrical shells. In this case, the stress distribution
over the thickness of the layers is set a priori, and in the carrier layers the stress distribution is assumed
to be linear, and in the adhesive layer, uniform across the layer thickness [3, 4]. Models of the second
type consider joints of thick-walled pipes, the local bending of which can be neglected. In order to be
able to build an analytical solution, it is assumed in [5, 6] that the normal stresses in the axial direction
in the pipes being joined are constant in thickness, and the normal stresses in the radial direction are
equal to zero. However, it is obvious that in a real construction the distribution of normal stresses
across the thickness of the layers differs from the uniform distribution. A model [7] was also proposed,
according to which normal stresses in the radial direction are variable, and stresses in the circumferen-
tial and axial directions are constant in thickness. Of course, the finite element method (FEM) is also used
to study the SSS of adhesive joints of coaxial pipes, as for example, in [2, 8, 9] and experiments [10]. This
approach allows you to explore a wide range of tasks, however, it complicates parametric studies,
complicates solving problems for complex structures, solving design and optimization problems, etc.
Comparison of the results of numerical calculations performed using FEM with analytical models
showed that for thin-walled shells the model [3, 4] shows good results.

Purpose of the study. One of the drawbacks of the mathematical model SSS of the adhesive lay-
er, which was used in [3, 4], is the hypothesis of a uniform distribution of stresses across the thickness
of the adhesive layer. Obviously, this leads to an imbalance of the layers, since the areas of the outer
and inner surfaces of the adhesive layer are different. In the joints of flat plates or beams of this imbal-
ance does not occur. The purpose of this work is to create a refined mathematical model of the com-
pound, which relieves it of the indicated disadvantage. It is proposed to consider the tangential stresses
acting only in the middle surface of the adhesive layer, and the normal (tear-off) stresses in the adhe-
sive — evenly distributed throughout the thickness of the adhesive layer. This approach was previously
used to model the SSS of flat adhesive joints [11]. This approach is used for the first time in modeling
the SSS of connections of cylindrical coaxial shells.

It should be noted that the new models SSS of the adhesive layer created in recent years make it
possible to describe the adhesive SSS with high accuracy and take into account the peculiarities of the
adhesive state at the ends of the adhesive joint, taking into account the boundary conditions on the ex-
ternal border of the adhesive layer [12, 13]. However, these mathematical models to describe the SSS
of cylindrical compounds have not yet been used.

Formulation of the problem. The joint scheme and its dimensions are shown in Fig. 1.

The origin is placed in the middle of the gluing area. The radii of the middle surfaces of the cy-
lindrical shells are denoted by R; and R, respectively. External and internal diameters of pipes facing
the adhesive layer D, and D, . The radius of the middle surface of the adhesive layer isR, . The thick-
ness of the bearing layers and the adhesive layer is denoted by &, 3, and &, .

Let us consider in more detail the area of gluing. The differential elements of the connection and
the acting forces are shown in Fig. 2
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Fig. 2. Differential element of joint
The equilibrium equations of differential elements of a compound are:
dN dN
Rl—l-i-RoTo:O; R, Z—ROTOZO: (1)
dx dx
d d D
Rld—%Jr%cl—Tl:O; Rz (S(z —7202 —TZZO, (2)
R M, _ RQ + RO(SL +@)ro =0; R M. _ R:Qz + RO(SZ +6—0)T0 =0. 3)
dx 2 dx 2

Here, the values of s, s, are the distance from the neutral axis when bending to the outer sur-
face of the base layer facing the adhesive layer. In the case of symmetric (homogeneous) layers, this
distance is equal to half the thickness of the base layer.

The equations of physical law:

N =80 B g g g @
i i
. . p EVS, (i) EYS . . .
where i=1, 2; By’ =—————, By’ =———— - membrane stiffness of the bearing layers in the

i i)’ y - i i
1- piypin 1- piguy

longitudinal and circumferential directions. In this case, we assume that the materials of the cylindrical
shells being joined are orthotropic;
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D u EY - the elastic moduli of the carrier layer with the number i =1, 2 in the corresponding

direction.
The equations of bending shells:

d’w Mi
=——1, 5
dx’® Ji ©)
(i)
Where in the case of homogeneous bearing layers bending stiffness J; =1ﬂ li, and where
— Hxy Hyx
inturn 1; =8’ /12 - moment of inertia of the corresponding carrier layer.
The equilibrium equation of the differential element of the adhesive in the radial direction is:
%: D.5; — Doy . (6)
dx 00Dy
Normal stresses in the glue will be presented in the form:
Do do d1o Do S0 do
=—|co+——|; oi=—|00o——— |. 7
2 DZ[GO 2dxj o Dl(co 2dx) ()

This form allows you to turn the equilibrium equation (6) into an identity. When this stresses oy
will be considered proportional to the difference of the transverse displacements of the carrier layers:

oo = K(W, —wy), (8)

where K =Ey8," - stiffness of the adhesive layer in tension-compression in the transverse direction.

The tangential stresses in the glue will be considered proportional to the difference of the longitudinal
displacements of the inner, facing the adhesive layer, sides of the carrier layers:

ro=P(u2—u1+SZdﬂ+sld—Mj, ©)
dx dx

S & & )
where P = (—0 b - refined stiffness of the adhesive layer in shear [14].

G 2G 2G;

Build a solution. The system of equations (1) — (9) can be reduced to a system of four differen-
tial equations for the longitudinal and transverse (radial) displacements of the carrier layers, which in
matrix form can be written as follows:

4\ 2\  /
d\4/+A2d\2/+A1d—V+Ao\7=0, (10)
X X dx

Aq

where \7=(u1; U, Wi, wz)T - vector function of displacement of layers.

R.B -1 1
RP ' ' 1 -1
A; = i B)EZ) : : 7 Ag=| - . B)(/l) -i—5 —ﬁ ;
RoP RRP P P
- 8% K B? K
Y TP RRP P
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_ -5 BR-s Aol R
BY +s -s : : R,P

S2 B(z) : : .o . R2J2

RoP

A=

0 M R0
Here B) = ny B L pl = By B According to the theory of elasticity of an orthotropic body,
" R P Ro P

the equality is py Ex = pEy . Consequently, the matrices of equation (10) are symmetric.

We look for the solution of equation (10) in the form V =he™, substituting in (10) and simplify-
ing, we obtain the equation:

Ash=0, (11)
where Ag = AL + Aol> + A+ A .
Characteristic equation det(As) =0 has a root A =0 of multiplicity of the second degree, and ten
non-zero roots. We find vectors hy, from equation (11) up to an arbitrary factor C. Therefore, the
general solution (10) can be written as:

\7 :chﬁk eMX + F'o + |:|1X,

where Ho and H; - eigenvectors corresponding to 1 =0;
h. - eigenvectors corresponding to eigenvalues A = 0.

Crz Cu
N C - C ORpO (2R () (l) (2)
Hl — 12 ; HO _ 11 ; al — Rl KR RZ (ny B + ny Bx ) + B(:)L() > B ,
0 Crooi KRo(R.B® + RB?) + BPB
0 Cro02

R2 KRORl(H Bxl) "ng)B 2))+B(1) E(f/ (2)
KRy (R:B\” + RB{?) + BB

Thus, the formula for displacement includes 12 constants Cy. From formulas (1) — (9) we find
the efforts N;, Q; and T; in the bearing layers, bending moments M; and stresses t, and o; in the
adhesive layer.

Longitudinal and transverse movements of tips we denote us, Wws (xe[-L —L;—L]) and us, Wy
(xe[L; L+ L]).Outside the area of gluing, displacements will be described by classical equations of
an axisymmetric cylindrical shell:

Ol =—

Ridid'ws ®,0 wyF  RIJ, d'w @ @ R
B§1) dx4 (1 )W3 2 B)(,l) ) B§Iz) dX4 +(1— xy” Hyx )W4 = - B(Z) , (12)
du W W du
N;=BP = +BPufl =  To=BP=+BIuy
R R dx )
Ny = B)EZ) dﬂ_l_ B)(IZ)Mg/i) %1 T, = B)(/Z) B(z) 2) dU4 ,
X Re Rz dx
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where R, - longitudinal force applied to the joint; N; = =const u N4 = R =const .
fidast 2

Solving the differential equations (12) and (13), we find the dependencies describing the dis-
placements on the outer parts of the structure. Shell forces are described by dependencies:

dQ3 T3 dQ4 T4 dM3 dM4 dz\Ng M3 d2W4 M4
- = = :Q3l _Q4l S =TT =

dx R dx R dx ax o kA
Edge and pairing conditions:
dw
u3|x=—L—L1 :d_X3 =Q3|x=—L—L1 =0; N2|x:—L :Q2|x:—L = M2|x:—L =0; u3|x:—L :u1|x:—L ,
x=—L-L1
ol = D SN =N @, = Qs M =M
x=-L x=—L" dX L dX L ! x=—L x=—L "1 x=—L x=—L"1 x=—L x=—L"
dW4 dW2
N = = M = N = " — - - — .
l|x:L Ql|><:L l|x:L 0’ u4|x:L u2|x:L’ W4|X:L W2|X:L’ dX L dX x=L, 4|><:L 2|>(:L’

Q4|X:L = Q2|X:L ! M4|X:L = M2|X:L ! Q4|X:L+L2 = M4|X:L+L2 =0.

The boundary conditions lead to a system of linear equations for the unknown coefficients Cy
and coefficients arising from the integration of differential equations (12), (13).

Numerical example. Consider a structure having the following parameters: E{” = E{" =70 GPa;
g =pl)=03; i=12; L=30mm;, L=L,=50mm; &=8=3mm; G,=0.36 GPa;
Eo =09 GPa; 8, =0.1 mm; radii R=50 mm; Ry =R, +0.58,+0.58,; R, =Ry+0.58,+0.53.
A longitudinal force is applied to the joint, uniformly distributed along the circumferential coordinate.

Fig. 3 shows graphs of tangential (a) and normal (b) stresses in the middle surface of the adhe-
sive layer.

4 |4LR, | 4xLR,

)

NER RNV

~—— | _—

-30 20 -10 0 10 20\/ 30 X, mm

Fig. 3. Stresses in the adhesive layer

Stresses are shown in dimensionless form, as the ratio of the acting stresses toand o, to the tan-
gential stresses Ry /(4nRoL) , which would occur if the stresses were evenly distributed over the middle
surface of the adhesive layer.
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The stresses o, and opin  4zzr, %
this case differ little from the £,
stresses oo and are almost indis-  4zLR, 4
tinguishable in the graph, and F %
therefore are not shown in the fig-
ure, but their average value oo
is shown. ~
To verify the computational _____,...—/
model, the stress state of the struc- I =
ture under consideration was cal-
culated using FEM in the Comsol 0 m
l\/_IuItmhysws 5.2 system. The fi- 20 25 >4 6
nite element model of the structure
(Fig. 1) is supplemented with an
influx of glue at both ends of the
seam in the form of a quarter of a
circle with a radius5d,, and the edge of the part being joined is supplemented with chamfers with a
side 23,. The characteristic size of the final element in the adhesive layer is 0.25,. Fig. 4 shows the
stresses in the vicinity of one of the seam edges. Continuous lines show the graphs of tangent (a) and
normal (b) stresses in the middle surface of the adhesive layer, calculated from the proposed model.
Dotted lines show stress graphs 1o, o1 ando., calculated using FEM. Power surges outside the area
of bonding are due to changes in the geometry of the adhesive layer, such as chamfer and adhesive
flow. Jumps have a local character, not exceeding the values at the edge of the adhesive layer.

If there is no adhesive influx, then due to the conditions of tangential stress pairing, the tangential
stresses at the seam edge are zero and reach a maximum at a distance of the order of the thickness of
the adhesive layer from the edge of the adhesive seam [15, 16]. At the same time, the normal stresses
o1 and o in the glue differ significantly (even by the sign) at the edges of the glue line, but they prac-
tically coincide in the depth of the region. In the presence of adhesive glue, which exceeds the thick-
ness of the glue layer several times in thickness, as in this case, the shear stresses reach a maximum at
the edge of the glue line. A voltage ciand o differ slightly from each other. Therefore, it can be con-
cluded that the proposed model better describes the SSS of the adhesive layer in the presence of adhe-
sive flow.

Conclusions. A mathematical model of the axisymmetric stress state of the adhesive joint of two
coaxial cylindrical shells is proposed. The solution was obtained in analytical form. Solved the model
problem. It is shown that the proposed model has good accuracy, although it has some limitations. It
can be used to solve problems of connection design. Further development of this model can be aimed
at clarifying the mathematical model of the adhesive layer, using the theory of Tymoshenko's shells to
describe the SSS bearing layers, taking into account the forces of inertia, temperature deformations,
etc. One of the possible ways to generalize this approach is to create a mathematical model, the so-
called double-shear connection. This is a combination of three carrier layers, in which the central car-
rier layer is connected to the two linings on the outer and inner side. Such a constructive solution al-
lows significantly reduce the bending moments and tearing stresses in the adhesive.

2

Fig. 4. Stresses in the adhesive layer at the seam edge
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