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MODELLING AND SOLUTION OF CONTACT PROBLEM
FOR INFINITE PLATE AND CROSS-SHAPED EMBEDMENT

O.b. Kosin, O.b. Ilanxoscvra, M.O. Kosina. MoneaioBaHHs i po3B’si3aHHs] KOHTAKTHOI 3a1a4i J/Is1 HeCKiHYeHHOI NMJIACTHHH i
XpecTonofiGHOro BKIIOYeHHs. Po3pobka e)eKTHBHUX METOAIB BU3HAUCHHS HANpPYXCHO-1e(OPMOBAHOTO CTaHY TOHKOCTIHHUX KOHCTPYK-
i 3 BKIFOYCHHSIMH, IAKPIIUICHHSIME i {HITMMH KOHIIEHTPATOPaMH HaNpy>KEHb € Ba)KJIMBUM 3aBJaHHSIM SK 3 TEOPETUYHOI, TAK 1 3 IPaKTHY-
HOT TOYKHM 30pYy, BPAXOBYIOUH TX BEJUKE NPaKTHYHE 3aCTOCyBaHHsA. Mema: MeTolo IOCHi/UKEHHS € po3po0Ka aHAIITHYHOTO MaTEMAaTHYHOTO
METO/Iy BUBUYCHHS HANpYKEHO-/1e()OPMOBAHOIO CTaHy HECKIHYCHHOI IUIACTHHHM 3 XPECTONOMIOHIM BKIIFOYCHHSM NpH BUTHHI. Mamepianu i
Memoou: MeTo[ TPaHUYHUX eNEeMEHTIB € e(eKTHBHUM CIOCOOOM PO3B’sI3aHHS KPalOBHX 3a[ad Ul CUCTEM IudepeHLiaTbHUX PiBHSHb.
Meroan, 3aCHOBaHi Ha TPAaHMYHUX iHTETPAITBHUX PIBHSHHSX, 3HAXOMSITH MIMPOKE 3aCTOCYBAHHS B 0AraTboX Trajly3sX HAayKH i TEXHIKH, BKIIFO-
Yal0ul PO3PaxyHOK IUIACTHH 1 0007J0HOK. OHUM i3 METOAIB PO3B’SI3aHHS YHUCICHHOTO KJIACY IHTErpajJbHHUX PIBHIHB 1 CHCTEM, 1[0 BUHHKA-
FOTh Ha 0a3i METOJly TPAHUYHHX IHTETPAIbHUX PiBHSIHB, € AHATITUYHUIA METO]] 3BE/ICHHS IMX PIBHSHB 1 CHCTEM JI0 3a1au PimMaHa 3 mojans-
UM iX pO3B’si3aHHsIM. Pe3ynbmamu: OTpUMaHO iHTErpasibHe PIBHIAHHS TS aHAJI3y MPOTHHIB 1 aHAII3y HANpPyXeHO-Ie(hOPMOBAHOTO CTAHY
TOHKOI IPYXXHOI IUIACTHHH 3 XOPCTKHM XPECTOIOAIOHIM BKITFOUECHHSIM. 3BECHHSM JI0 3a1a4i PiMaHa i il mojanpImM po3B’s3aHHAM OTpPH-
MaHO TOYHHMIT pO3B 530K JlaHOT KpaitoBoi 3axadi. JJOCITiIXKEHO aCHMITOTHYHY HOBE/[IHKY KOHTAKTHHX 3YCHJIb Ha KiHISX BKIIIOYCHHS.

Kniouosi cnoea: xpaiioBa 3aada, i30TpOITHA IUIACTHHA, )KOPCTKE XPECTONOAI0HE BKIFOUEHHS, BUTHH, NIepeTBOPEHHsT MelutiHa, MeTox
(hakTopu3auii, 3aga4a Pimana.

0.B. Kozin, O.B. Papkovskaya, M.O. Kozina. Modelling and solution of contact problem for infinite plate and cross-shaped embedment.
Development of efficient methods of determination of an intense-strained state of thin-walled constructional designs with inclusions,
reinforcements and other stress raisers is an important problem both with theoretical, and from the practical point of view, considering their
wide practical application. Aim: The aim of this research is to develop the analytical mathematical method of studying of an intense-strained
state of infinite plate with cross-shaped embedment at a bend. Materials and Methods: The method of boundary elements is an efficient way
of the boundary value problems solution for systems of differential equations. The methods based on boundary integral equations get wide
application in many branches of science and technique, calculation of plates and shells. One of methods of solution of a numerous class of
the integral equations and systems arising on the basis of a method of boundary integral equations is the analytical method of construction of
these equations and systems to Riemann problems with their forthcoming decision. Results: The integral equation for the analysis of
deflections and the analysis of an intense-strained state of a thin rigid plate with rigid cross-shaped embedment is received. The precise
solution of this boundary value problem is received by reduction to a Riemann problem and its forthcoming solution. An asymptotical
behavior of contact efforts at the ends of embedment is investigated.

Keywords: boundary problem, isotropic plate, rigid cross-shaped embedment, bend, Mellin transform, factorization method, Riemann problem.

Introduction. Development of efficient methods of determination of an intense-strained state of thin-
walled constructional designs with inclusions, reinforcements and other stress raisers is an important problem
both with theoretical, and from the practical point of view, considering their wide practical application. Plates,
reinforced by a different inclusions and ribs, are widely used in practice as components of different construc-
tions. In this study we proposed a method of analytical solution for boundary value problem of stress-strain
state of the bending of an infinite plate with a rigid cross-shaped embedment. The exact solution of this
boundary value problem is obtained by reduction to the Riemann problem and by its subsequent solution.
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The boundary element method is an effective way of solving boundary value problems for
systems of differential equations. Methods based on the boundary integral equations, are a powerful
tool in many fields of science and technology, including the calculation of plates and shells [1...5].

However, due to the singularity of the fundamental solutions, a problem associated with irregular
borders (corners, edges, etc...) arises. So, the question to use of special techniques for solving the
problems with non-smooth boundary is actual.

One of methods for solving numerous classes of integral equations and systems, arising on the
basis of the method of boundary integral equations, is an analytical method of reducing these
equations and systems to the Riemann problem with their subsequent solution [6...13].

This method was further developed in solving the problem of bending isotropic [6] and ortho-
tropic plates [7, 8] with linear irregularities oriented arbitrarily.

Contact problem of bandpass orthotropic plate Kirchhoff model with a thin semi-infinite rigid re-
inforcement were studied and solved in [9] by present method, as well as with reinforcement in the
form of elastic rib [10].

In [11], an exact solution of the antisymmetric contact problem of bending bandpass orthotropic
semi-infinite plate and a rigid support was constructed by reduction to the Riemann problem. The as-
ymptotic behavior of the contact forces at the end of this support has been investigated.

Exact solution of the boundary value problem of bending bandpass shallow shell, which is
supported by intermediate thin semi-infinite rib, type Winkler foundation was obtained in [12]; and
supported by intermediate thin semi-infinite rigid support, was obtained in [13].

The aim of this research is to develop the analytical mathematical method of studying of an
intense-strained state of infinite plate with cross-shaped embedment at a bend. It is also necessary to
investigate the asymptotic behavior of the contact forces at the ends of this embedment.

Materials and Methods. We consider the problem of the bending of an infinite plate
(o< X, y<ow), containing a  cross-shaped, thin, absolutely rigid embedment

(Y <ay=0y|<ax=0).
The force P applied to the embedment in point x=0,y=0. P is an applied transverse load. The
plate is simply supported in 4N points
M, =(bcos(rk / (2N) + 7/ (4N)),bsin(zk / (2N) + =/ (4N)) =(X,,Y,), (b>a).
It is necessary to find the deflection of embedment W, and the contact forces of interactions

y, (&), v, (&) between embedment and plate.

Using the results of [6], we give mathematical formulation of the boundary problem described
above. Equation, governing the deflection of mid-surface of plate w(x,y) can be approximated as:

DAW(X, ) = (98(3) + (1)) = 3> 35X =X )5(y ~1,): (1)
The boundary conditions are the following:
ﬁw(—’@%o,izfs as X +y:ooo; )
axlay 1
Moreover:
w(x,0)=W,, (X <a); w(0,y)=W,, (|y|<a;); (3)
[w.@de+ [, ©)de=P, (4)

where 3(x), d(y) — Dirac delta functions.
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Using the fundamental solution of the biharmonic equation d(x, y) = (8) (x> + y?) In(ﬁjx2 +y?),
we obtain the solution of equation (1), satisfying (2).

DW(x,y) = [ ¥, (O)(x~& y)d&+ [ v, (D (x y-n)dn-

4N
_P () x—bcos(n—k+ij, y—bsin[ﬂ+ij .
AN = 2N 4N 2N 4N
Substituting (5) in (3), we obtain a system of two integral equations for w, (&) and w,(n) . Posed
problem is symmetrical relative to the variables x and y.

Therefore v, (&) =y, (&). v,(§) — is even, and eventually we come to an integral equation of
the first kind with a smooth kernel:

= [ OLKE, W, + £(), 0<x=a; ©

®)

where  L(x,&) =(x—&)° In[x =&+ (x+ &) In(x + &) + (X" +£7) In(x* + £7) ;

4N
f(X)=iZd> X—bcos(iJrij,bsin(ﬂJrij _
4N 1= 2N 4N 2N 4N

Performing the differentiation (6) three times with respect to x and introducing the notation
t=a€, t=a"x, y,(§)=y(r), we come to a singular equation

1 ¢ t\dzt
-— - |—=1f,@t), 0<t<1; 7
4nD£"’(‘)9[JT () (7)
1 1 6y 4y3 P

_ - , ) =1"(x
1-y 1+y 1+y2+(1+y2)2 - (M) 9

It is important to note that the solution of equation (7), when substituted into the left side of the
equation (6), in general, can give a function that is different from W, + f (x) on an even polynomial of

the second order A+Bx’. The necessary and sufficient conditions for the equality to zero of this
polynomial will be equalities

1 f ) 18 "

where g(y)=

The first is obtained by substituting of x=0 into (6). The second — by double differentiation of
(d? /dx*) (6) with respect to x and subsequent substituting x =0 into result. To satisfy (8), we should
be seeking w(t) in such class of functions in which the homogeneous equation, corresponding (7),
has two linearly independent solutions. As will show below, it is necessary to search y(t) in class of

functions with non-integrable singularity at the pointt=1, and the corresponding integrals are
understood in regularized sense [14].
We extend the definition of right-hand side of equation (7) asl<t<oo, using the unknown

function f_(t). Introducing the notation

(] B0 st (o[ v, 0<x<)
70, s<t<w), 770, dst<w),

let rewrite (7) in the form
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j\y (r)g( j—— f@)+f(0)), (0<t<o). 9)

We applying Mellin transform to the (9)
[f.0.w )] =f[fi (), w_OIt*dt=[F*(p),"¥ (p)], p=3+ir,

RAORTAC B j [F*(p), ¥ (Pt "dp, (0<t <cc).

Then we calculate M[g]=G(p) using the formula 3.241 [15]. As a result, we have the Riemann

problem
Y (p)G(p)=F (p)+F"(p), ~o<Imp<co, (10)

where G(p) =—rctg7t—p 1—'0—_2 , (max(a,,0)<Rep=oc<1).
2 TP
sin——
2
o is determined by the asymptotic behavior of function y_(t)=0(t™*) ast—0
Problem (10) is solved by the factorization method [16] with the use of representations

), 1
o e 2 ) T2 ),
g™ =T (BT (p), T () nr( pj,T(p) o)

2
=2 k(K (P K (P =0 f '”(K(S”dJ
i s—p

K(p)=1-

sin— oien
G(p)=G"(p)G (p), Gi(p)=T*(p)Ki(p)'
H(P) = ) < (p) ~H (p), H*(P)= - H(s)s
(p) 2ni 2 s—p
As a result, (10) is transformed into
Y (PG (p)+H (p)=F"(p)/G"(p)+H (p)=Q(p) (11)

To obtain two constants satisfying the conditions (8), it is necessary to have Q(p)=c, +c,p

Results. Thus, exact solutions of equations (7) and (6) have the next form
G+|00 p
¥(®)=21D [ (6 +ep—H (P) 5= db. (12)

G—io

where Y, (&) = \V(éail) = 2ﬂ:D[Co(po (E.a) +C0, (i) + Q. (E.a)] ;
i e
0, (8) = )5 dp;

L
7.0 JG (p)

dp;
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- o+iw

I b N 5
0.(8) = nGLH (g

Here the constants c,,c,,W, are found from the equations (8) and (4):
¢, [0, (E)E* In[g] d + ¢, [, (B)E° In[E|d& + [ 0. ()5 In[E|dE =W, + £ (0);
0 0 0

G, 9 (@In[e]+ e+ [0, @nfel+ Dz + [9.(2) nfe+ e =2,

e, 0, @0 +6, [, @0e + [ 0.0z =

Conclusions. Mathematical formulation of the boundary value problem is done. An integral
equation for stress-strain analysis of thin supported elastic plate with rigid cross-shaped embedment is
obtained. The exact solution of this boundary value problem is obtained by reduction to the Riemann
problem and by its subsequent solution.

The behavior of the function v, (&) when & —a—0 (defined by the asymptotic behavior ¥~ (p)
at |p|—>) s of great interest. Since p[G(p)]* =O(p“?) then, according to [17]

v, (&) =0((a—-&)™*?), i.e., the contact forces have a non-integrable singularity at the ends of the cross-
shaped embedment. This singularity coincides with the result in [9].
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