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THE MOTION OF A PARTICLE ON A WAVY SURFACE
DURING ITS TRANSLATIONAL CIRCULAR
OSCILLATIONS IN HORIZONTAL PLANES

T.M. Bonina, C.®. Ilununaxa, B.M. Fa6ka. Pyx 4acTHHKH 10 XBHJISICTIil MOBePXHi M yac ii mocTynaJbHAX KOJIOBUX KOJIMBaHb
Y Topu3oHTAJIBHUX IiommuHax. lllopcTka monMHa € yHiBepCalbHUM KOHCTPYKTHBHUM €JIEMEHTOM 0araTbOX MAIllMH i NMPUCTPOIB st
MPOCIIOBaHHS i cenapauii YaCTHH TEeXHOJIOTTYHOro matepiany. HalOiabL JOCTIPKEHUM € PyX YacTHHOK MO TOPU3OHTAJIBHIM IUIOIMIKHI, sKa
3[IHCHIOE KOJMBAIBHUN MPSAMOJIHIHHKUI a00 KPyroBuil pyxu. XBHIIICTA TIOBEPXHS i3 NOMEPEYHUM I1EPEPi30M y BHIVIII CHHYCOIAU B POJI
poboU0i MOBEPXHI CYTTEBO 3MIHIOBATUME TPAEKTOPii KOB3aHHS YaCTUHOK. BiINOBiJHO 3MIHHTBCS i MaTEMAaTHYHMI OIUC TaKOro pyxy.
KoB3aHHS YacTMHKM NO IUIOMIMHI Oy/Ae YacTKOBMM BHUIAJKOM KOB3aHHS 110 XBHJIACTIH IOBEPXHi, KOJM aMIUIITYa CHHYCOIAM
JopiBHIOBaTHMe Hyimto. IIpn KONMBaHHAX XBHIIACTOI MOBEPXHi, KOJIM BCi ii TOYKM ONMHUCYIOTh KOJIA, PyX TEXHOJIOTIYHOTO MaTepiaiy CyTTEBO
3MIHIOETBCS. Y CTATTI JOCHIIKYIOTBCS 3aKOHOMIPHOCTI pyXy MaTepialbHUX YaCTHHOK IT0 TaKil MOBEPXHi MiJ] 4ac i1 KOJOBUX MOCTYHAIbHUX
KOJIMBaHb B TOPH30OHTANbHUX IuiomuHax. CkiageHo audepeHiianbHi PIBHSAHHSA BiIHOCHOTO MEPEMIIllCHHS YacCTHUHKHU, SKi PO3B’S3aHO
YHCENFHUMH MeToaMHt. [100y10BaHO Tpa€eKTOpii KOB3aHHS YAaCTHHKH I10 TOBEpXHi Ta rpadiku ii peakiii. YacTKOBIM BHIIAZKOM IIOBEPXHi €
IUIOIINHA, a TPAEKTOPi€0 KOB3aHHA YaCTUHKH € KOlo. 3HaiIeHO aHANTHYHWI BUpa3 JUId BU3HAa4eHHs Horo paxiyca. Ilpm komoux
KOJIMBAHHSX XBHJLICTOI JIIHIMYATOI MOBEPXHI 3 MONEPEYHUM IEPEpi3oM Yy BHUIIISAI CHHYCOIIM BIAHOCHOIO TPAEKTOPIEI0 YACTUHKU MicCis
crabimizanii pyxy Moxe OyTH 3aMKHEHa ab0 IepioJudHa MpoCcTOpoBi KpuBi. JIsi yHUKHEHHs BIPHBY YaCTHUHKH BiJ TIOBEPXHI MOTPiOHO
3a/1aBaTH PEXUM KOJMBAHb, SIKMI BpaxoBye (popMy IMOBEpXHi Ta KIHEMAaTH4HI ITapaMeTpu KonuBaHb. IIpn miamerpi koia, sKe OIMHUCYIOTh yci
TOYKH MOBEPXHi NPH i1 KOIMBaHHI, PIBHOMY IEPiOy CUHYCOIN, TPAEKTOPIEIO BIAHOCHOTO PYXY YaCTUHKH MOXe OyTH mepioauyHa Kpusa. Y
[[bOMY BHIIaJKy YaCTHHKA PYXa€ThCS B HANpsMi, OJIM3bKOMY IO IOIEPEYHOro, JOJAl0Yy BHAAWHU 1 'peOHI MOBepxHi. Y IHIMX BHIAAKax
TPAEKTOPIEI0 € 3aMKHEHA IIPOCTOPOBA KPHBA, TOPU30HTAIBHA IPOEKILIS sIKOT OJIM3bKa 10 Kona. 3HaliIeH] aHaIITHYHI 3aJIe)KHOCTI JO3BOJLSIFOTh
BHM3HAYaTH BIUIMB KOHCTPYKTUBHUX Ta TEXHOJIOTIYHHUX MApAMETPiB MOBEPXHI HA TPAEKTOPIIO PyXy YACTUHKH 10 HiMf.

Kniouosi cnosa: 4acTHHKA, XBUIISICTA TIOBEPXHS, KOJIOBI KOJMBaHHs, U(epeHIiabHI PiBHSIHHS, KIHEMAaTHUHI ITapaMeTpH

T. Volina, S. Pylypaka, V. Babka. The motion of a particle on a wavy surface during its translational circular oscillations in
horizontal planes. The rough plane is a universal structural element of many machines and devices for sifting and separation of parts of
technological material. The motion of particles on the horizontal plane, which performs oscillating rectilinear or circular motion, is the most
studied. A wavy surface with a sinusoidal cross-sectional line as a working surface will significantly change the trajectories of their motion. The
mathematical description of such a motion will change accordingly. The sliding of a particle in a plane will be a partial case of sliding on a wavy
surface when the amplitude of the sinusoid is equal to zero. When the wavy surface oscillates and all its points describe circles, the motion of the
technological material changes significantly. The regularities of the motion of material particles on such a surface during its circular translational
oscillations in the horizontal planes are investigated in the article. Differential equations of relative particle displacement are compiled and solved
by numerical methods. The trajectories of the particle sliding on the surface and the graphs of its reaction are constructed. A partial case of a
surface is a plane, and the sliding trajectory of a particle is a circle. An analytical expression to determine its radius is found. During circular
oscillations of a wavy linear surface with a cross section in the form of a sinusoid relative trajectory of a particle after stabilization of the motion
can be closed or periodic spatial curves. To avoid the breakaway of the particle from the surface, the oscillation mode should be set, which takes
into account the shape of the surface and the kinematic parameters of oscillations. With the diameter of the circle, which is described by all points
of the surface during its oscillation, is equal to the period of the sinusoid, the trajectory of the relative motion of the particle can be a periodic
curve. In this case, the particle moves in a direction close to the transverse, overcoming depressions and ridges. In other cases, the trajectory is a
closed spatial curve, the horizontal projection of which is close to a circle. The found analytical dependencies allow determining the influence of
structural and technological parameters of the surface on the trajectory of the particle.

Keywords: particle, wavy surface, circular vibrations, differential equations, kinematic parameters

1. Introduction

The rough plane is a universal structural element of many machines and devices for sifting and
separation of parts of technological material. The most studied is the motion of particles in the hori-
zontal plane, which performs oscillating rectilinear or circular motion [1]. A wavy surface with a si-
nusoidal cross-section as a working surface will significantly change the sliding trajectories of the par-
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ticles. The mathematical description of such a movement will change accordingly. The sliding of a
particle on a plane will be a partial case of sliding on a wavy surface when the amplitude of the sinus-
oid is equal to zero. At oscillations of a wavy surface when all its points describe circles, the move-
ment of technological material changes essentially.

2. Analysis of recent publications and problem statement

The motion of material particles on surfaces is considered in scientific articles in the context of
their nature. These can be mechanical particles, gas or liquid particles, particles in a stream, and so on.
Of course, the motion of an individual particle cannot be identified with the motion of a body or with
the motion of a process material consisting of individual particles, and in the study of the motion of
which the forces of inertia arising during body rotation must be taken into account. In some cases, at
low angular velocities, these forces can be ignored. For example, as in the study of the motion of a
particle on the outer surface of a cylinder that performs translational oscillations in horizontal
planes [2]. However, based on the motion of an individual particle, it is possible to identify dependen-
cies that can be applied to the body or to the technological material or help to determine the direction
of further research. Thus, scientists have considered the movement of material particles on moving
spiral working bodies [3]; on the helical surface [4]; on the gravitational descent formed by the surface
of the oblique closed helicoid [5]; on a spherical segment that rotates around a vertical axis [6]; mov-
ing the particle in the inactive zone between the hinged screw sections of the flexible screw convey-
or [7]. Therefore, to study the motion of a particle depending on the structural parameters of the sur-
face, it is necessary to have analytical dependences describing such motion.

3. The purpose and objectives of the study

The aim of the article is to study the patterns of motion of material particles on a wavy surface,
which performs circular translational oscillations in horizontal planes. The objectives of the study are
to identify the analytical dependences of such motion and their analysis, which will determine the in-
fluence of structural and technological parameters of the surface on the trajectory of the particle. The
wavy surface is a cylindrical surface with a horizontal arrangement of rectilinear generators and a
cross section in the form of a sinusoid.

4. Presentation of the main material

Parametric equations of a cylindrical surface, in which the cross section is a sinusoid, and recti-
linear generating parallel axes OX, are written:

X=u;, Y=v, Z=csinav, (D
where ¢ — amplitude, and a — is frequency (constant values); #, v — independent variable surfaces,
where u — is the length of the rectilinear generator, v — is the distance along the OY axis.

The cylindrical wavy surface performs translational oscillations in such a way that all its points
describe circles. Fig. 1 shows the trajectories of the four points of the surface. The absolute motion of
the particle will be considered in relation to the fixed coordinate system OXYZ.

If the surface is tied to a moving coordinate
system, then when it oscillates, the axes of the
moving and fixed systems will always be parallel.
This means that the absolute trajectory of the par-
ticle can be written as the sum of the transfer mo-
tion of the surface, the points of which describe
the circles and the relative motion of the point on
the wavy surface:

X=X,+X,;

Y=Yty )

z=z,+z,
where x, = x,1); Y. =yt); z. = z.(f) — the trajecto- Fig. 1. Scheme of circular oscillations of a wavy
ry of the figurative motion of the surface as a surface and forces applied to a particle
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function of time #; x,. =x(?); y,=y.?); z. = z(t) — the trajectory of the relative motion of the particle on
the surface as a function of time ¢.

Let r — radius of the circles along which the points of the cylinder move. Then the figurative mo-
tion of the points of the wavy surface will be described by the equations:

x,=rcosot; y,=rsinot; z,=0, 3)

where ® — angular velocity of rotation of surface points in circles.

The point will slide along a certain trajectory on the surface. The trajectory equation can be ob-
tained by relating the independent variables v and u of the surface (1). This connection is written in
time ¢, ie the coordinates of the particle on the wavy surface will be functions of time: v =v(¢) and
u =u(?). In this case, the relative motion of the particle is written by the equations:

X =u; y =v, z =csinav. “4)
Summing the portable (3) and relative (4) motions by formula (2), we obtain the equation of the absolute tra-
jectory of the particle:
X=u+rcoswt, y=v+rsinwt; z=csinav. %)
The dependences v =w(f) and u = u(t), which describe the trajectory of relative motion (sliding of
a particle on a wavy surface), are unknown functions to be found. After differentiation of equations (5)
by time ¢ we find the projections of the absolute velocity of the particle:
x'=u'—rosinot; y' =v'+rocoswt; z'=acv'cosav. ©)
By differentiating expressions (6) we obtain projections of absolute acceleration:

2 2 2
X"=u"-ro coswt; y'=v'-ro sinot; z"=ac(v'cosav—av'”sinav).

We compose the equation of motion in the form mw=F , where m is the mass of the particle,

w— absolute acceleration vector, F' — the resulting vector of forces applied to the particle. These forc-
es are (Fig. 1): the force of gravity mg (g = 9.81 m/sec?), the reaction N of the surface and the friction
force fN when the particle slides on the surface (f'is the coefficient of friction). All forces must be pro-
jected on the axis of the OXYZ coordinate system.

The force of gravity is directed downwards, so its projections will be written:

{0; 0; —mg}.

The reaction N of the surface is directed along the normal to it and is determined from the vector
product of two vectors tangent to the coordinate lines of the surface. The projections of these vectors
are partial derivatives of equations (1):

%X o, 8—Yzl; 6}—Zzaccosav; aizl; a—Y=0; a—Z=0- (7
ov ov ov Ou ou ou
After multiplication of vectors (7) and reduction of the received vector to unit, projection of a

vector of a normal to a surface will be written:

b

accosav 1
0; - ; :
Ji+a’ccos’av 1+a’c cos® av
The force of friction is directed along the tangent to the trajectory of the relative motion of the

particle in the opposite direction to the vector of the particle sliding speed. The direction of the vector
is determined by the first derivatives of equations (4):

LA N r__ . r_ !
X =u'; y.=v'y;  z =acv'cosav. ()

The geometric sum of the components (8) will give the value of the sliding speed of the particle
on the wavy surface in relative motion:
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V.= \/x,',z +yP 4z = \/u'2 +V?(1+a*c? cos® av). )]

The unit vector of the tangent in the projections on the axis of the system OXYZ is obtained by
dividing the projections (8) by the value of the vector (9):

u_; L; acyv cosav ‘ (10)
V.. 7, £

We describe the vector equation mw=F in projections on the axis of the coordinate system, taking
into account that the friction force NV is directed along the unit vector (10) in the opposite direction:

' u'
m(u" —ro’ coswt) = _fNV;

r

Naccosv i
-/N—; (11)

J1+ac? cos* av 4

2 .
mac(V" cosav—av'” sinav) =-mg +

m(v" —r@’ sinot) = —

N acv'cosav
2.2 2 _fN
V1+a“c cos” av v,
System (11) includes three unknown functions: N = N(¢), u =u(¢) and v =v(f). Solving it with re-
spect to N, u “and v, we obtain the following expressions:

’
"

1 . ”
V' = —2[roo2 sinwt + ac(a’cv” sinav — g)cosav]—~—B;
A AV

ﬁ/

u"=re’ coswt——RB; N= ﬁB,
AV A

(12)

where A=+1+a’c*cos’av; B=[g+ac(ro’ cosavsinot—av'’sinav)].

5. Research results

System (12) cannot be integrated in analytical form. It must be solved by numerical methods. The
found dependences v =1(f) and u =u(¢) must be substituted into equation (4) in order to obtain the
relative trajectory of the particle on the wavy surface, ie the sliding trajectory. If the amplitude ¢ =0,
then the parametric equations of the surface (1) are converted into the equation of the horizontal plane.
In this case, the system (12) is greatly simplified:

’

v .
b
/u!2+V/2
u’
u" =ro’ coswt — fg———, (13)
u/2+vr2

V' =ro’sinot — fg

N =mg.

In Fig. 2 numerical methods constructed the trajectory of the particle sliding along the plane with the follow-
ing parameters: »=0.05 m, ® =10 s, f=0.3. After the transition process, the trajectory of the particle is a circle
whose radius is smaller than the circle described by all points of the plane.

Figure 3 shows a graph of the change in the speed V., of sliding for 3 s. It shows that after the
transition process, when the trajectory of the relative motion of the particle becomes a circle, the slid-
ing speed becomes constant. We will use this fact to find an analytical description of the sliding of a

particle after stabilization of its motion. When «u'”> +v'> =V, = const, system (13) splits into two in-
dependent differential equations:

’ ’
. v u
V' = r’ sin ot —fg;; u"=ro’ coswt — fg—.

r r
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Fig. 2. The sliding trajectory of the particles Fig. 3. Graph of particle velocity change

Their partial solutions, when the integration constants are zero, will be written:

4 .
v= _%(fgcoswt +V wsinwt);
+V o
é;V(Dr (14)
u=——F"——(fgsinwt -V ocoswt).

f2g2 + I/r2 (DZ
Find the expression for the constant ¥, through the given parameters of the oscillatory motion.
Differentiate equation (14) and find:

_ 1?2 72 rl/rmz
I/r =Nu " +v- = ﬁ (15)
g +V o
Solving (15) with respect to V,, we find:

. /r20)4_f2g2

()

(16)

Substitute (16) into (14) and finally find the parametric equations that describe the trajectory of
the particle sliding along the plane in relative motion after its stabilization:

v=—rsinoot+£(fgsincot—\/r2(;)4 — g’ cosot) ;

4
U =—rcosmt+ fg4 (fgcosot ++/r’e’ — f2g* sinwt).
ro

If the plane is absolutely smooth, ie f=0, then the equations of relative motion (17) have the op-
posite sign of the equations of figurative motion (3), as a result of which the particle in absolute mo-
tion according to equations (5) remains stationary. From equations (17) we find the radius 7, of the
circle, which describes the particle, sliding along the plane after stabilization of motion:

2
ro=Nu+Vv =1 1—( ngJ .

ro

The radius 7, approaches the radius  as the coefficient f of friction decreases or as the angular ve-
locity w of the plane oscillations increases.

6. Discussion of results

Construct the relative trajectories of the particle on a wavy surface. It should be noted that the
shape of the surface must be limited in some way due to the parameters of its cross section. A sinusoid
with constants ¢ =0.005 (amplitude) and a =62.8 (period 7'= 0.1) was taken, ie the ratio of amplitude
to period is 1:20. At lower ratios, the particle separates from the surface. This ratio is not fixed. It de-

MAIINHOBYAYBAHHS



ISSN 2076-2429 (print)
ISSN 2223-3814 (online)

Proceedings of Odessa Polytechnic University, Issue 1(63), 2021 49

pends on the radius 7 of the circles along which the surface oscillates, the angular velocity o, the coef-
ficient of friction f.

The first case. The diameter of the circles of the figurative motion of the surface is equal to the
period: 27 =T. This case is typical because the trajectory of the particle sliding on the surface is not a
closed line (Fig. 4). The trajectory of sliding is a periodic spatial curve, while the curvilinear sliding of
the particle propagates in a direction close to the direction of the axis OY, and the particle in its motion
overcomes the depressions and ridges of the surface. The direction of propagation of such motion can
occur both in the direction of the OY axis and in the opposite direction. The behavior of the particle
depends on the point of impact on the surface.

SRR i 0.2
PRSI E

1.5 1 0.5 0 -0.5 -1
b

Fig. 4. The trajectory of the relative motion of the particle on the wavy surface at »=0.05m, ©=10s", /=0.3,
¢=0.005, a=62.8: the trajectory of the particle in a limited area of the surface in axonometric (a); the trajectory
of the particle on the horizontal projection for 8 s (b)

In Fig. 4, a, the trajectories of the relative motion of the particle are constructed on a limited sec-
tion of the surface where the transition process takes place, indicating the point of impact on the sur-
face. Fig. 4, b, shows a horizontal projection of the trajectories of the relative motion of a particle that
has been moving for 8 s.

When a particle slides on a wavy surface, its reaction N changes in contrast to the plane, where
N=mg. In Fig. 5 is a graph of the change in surface reaction for a particle with mass m =0.01 kg. It is
built for one of the trajectories shown in Fig. 4, b, and is characteristic of another trajectory.

RN I
Y U \IUU UU\JUU\JUU\J U\\JUU UU\IU \JUU

1 2 3 4 5 6 7 t,s

0.05
0

Fig. 5. Graph of the change in the reaction of the surface to a particle that slides on a wavy surface

As the angular velocity of oscillations @ increases, the nature of the propagation of oscillations
does not change, but at certain points in time the reaction of the surface becomes negative, ie the direc-
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tion of its vector changes to the opposite. In this
case, the trajectory of the particle would be real if it
moved between two parallel surfaces. Since we
have only one surface, then at the moment when
the reaction becomes equal to zero, there is a sepa-
ration of the particle from the surface, ie its further
trajectory becomes unknown. Given this, we con-
sider only those cases of movement when the reac-
tion has a positive sign.

The second case. The diameter of the circles
of the portable motion of the surface is less than the
period: 2r.<.T. In this case, after the tr'ansition peri- Fig. 6. The trajectory of the relative motion of a
od, the sliding trajectory of the particle becomes ; _ 1

. . . particle on a wavy surface at ¥=0.04 m, =10s"",
clos§d. InF igure 6 constructs the trajectories of the =03, ¢=0.005, a=62.8
relative motion of the particle on the wavy surface
for all previous parameters, including the points of
impact of the particle on the surface, with a change of only one parameter: » =0.04 m.

The third case. The diameter of the circles of the portable motion of the surface is larger than the
period: 2r>T. In this case, the transition period can last quite a long time, as shown in Fig. 7 (at
o =10 "), or rather move to a closed trajectory with increasing angular velocity o (at ® =15 s7).

(o= 157!
0.8 0.6 0.4 0.2 0 -02 Y

Fig. 7. Horizontal projection of trajectories of relative motion of a particle on a wavy surface at »=0.06 m,
0=10s",1=0.3, ¢c=0.005,a=62.8

With a further increase in the radius r, the particle moves along a closed curve after the transition
period, and this closed curve increases in size according to the radius 7 of circular oscillations. Fig-
ure 8 shows the trajectory of the particle as the radius r of the oscillations increases to 0.07 m. If we
reduce the amplitude ¢ of the sinusoid, the wavy surface will approach the plane, and the closed slip
curve will approach the circle.

Fig. 8. The trajectory of the relative motion of a particle on a wavy surface at 7=0.07 m, ®=10s", /=0.3,
¢=0.005, a=62.8: axonometric image (a); horizontal projection (b)

The considered cases quite fully reflect possible trajectories of relative motion of a particle on a
wavy surface at its circular oscillations. The article does not show the influence of the coefficient of
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friction f on the trajectory of the particle, but its value does not make significant changes in the nature
of the sliding curves of the particle and is limited to the cases considered.

7. Conclusions

At circular oscillations of a wavy linear surface with a cross section in the form of a sinusoid
relative trajectory of a particle after stabilization of the movement can be closed or periodic spatial
curves. To avoid separation of the particle from the surface, you need to set the oscillation mode,
which takes into account the shape of the surface and the kinematic parameters of the oscillations.
When the diameter of the circle, which describes all points of the surface during its oscillation, equal
to the period of the sinusoid, the trajectory of the relative motion of the particle can be a periodic
curve. In this case, the particle moves in a direction close to the transverse, overcoming depressions
and ridges. In other cases, the sliding trajectory is a closed spatial curve, the horizontal projection of
which is close to a circle.
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