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COMPARATIVE ANALYSIS OF BEAM AND PLATE 

MODELS IN ASSESSING THE COMPLIANCE OF A  

THIN-WALLED CANTILEVER PLATE DURING MILLING 

А. Ткач, І. Прокопович, Л. Бовнегра. Порівняльний аналіз балочної та пластинчастої моделей при оцінці податливості 

тонкостінної консольної пластини у процесі фрезерування. У роботі розглядається завдання оцінки локальної податливості тонкої 
консольно закріпленої сталевої пластини в процесі фрезерування з урахуванням переміщення точки застосування силового впливу 

вздовж траєкторії обробки. Актуальність дослідження обумовлена широким застосуванням спрощених одновимірних моделей у 

практиці проектування технологічних процесів фрезерування маложорстких деталей, що систематично призводить до похибок 
оцінки локальної жорсткості і, як наслідок, до формування надмірно консервативних режимів різання. Виконано порівняння 

одновимірної (балочної) та двовимірної (пластинчастої) моделей деформування: у балочній моделі пластина розглядається як 
консольна балка постійного поперечного перерізу, прогин якої визначається аналітично на основі класичних рівнянь опору 

матеріалів; у пластинчастій моделі використовується теорія Кірхгофа-Лява, яка враховує двовимірний розподіл деформацій, 

взаємодію вигинів за двома координатами та реальні крайові умови закріплення. До кожного положення інструменту вздовж 
траєкторії обробки визначалася локальна податливість у межах обох моделей, що дозволило виконати їх безпосереднє кількісне 

порівняння. Показано, що одномірна модель систематично завищує значення прогину і занижує локальну жорсткість, особливо на 

ділянках обробки уздовж вільного краю пластини, що призводить до заниження розрахункової граничної подачі та формування 
надмірно обережних технологічних параметрів. Двовимірна модель коректно враховує перерозподіл деформацій на поверхні 

пластини, формує просторову картину податливості як функцію двох координат і відображає реальні характеристики жорсткості 

значно точніше. Порівняльний аналіз демонструє принципові відмінності в оцінці вібронебезпечних зон, підтверджує необхідність 
застосування пластинчастих моделей при розрахунку адаптивних режимів фрезерування тонкостінних консольних елементів на 

верстатах з ЧПК та відкриває можливість підвищення продуктивності обробки без збільшення ризику виникнення автоколивань. 

Ключові слова: тонка пластина, податливість, прогин, жорсткість деталі, фрезерування, вібрації, двовимірна модель, траєкторія 
обробки 

A. Tkach, I. Prokopovich, L. Bovnegra. Comparative analysis of beam and plate models in assessing the compliance of a thin-

walled cantilever plate during milling. In this paper, the problem of evaluating the local compliance of a thin, cantilever-fixed steel plate 
during milling is considered, accounting for the displacement of the force application point along the machining trajectory. The relevance of 

the study stems from the widespread use of simplified one-dimensional models in the design of milling processes for low-rigidity parts, which 

systematically lead to errors in assessing local stiffness and, consequently, to excessively conservative cutting conditions. A comparison of 
one-dimensional (beam) and two-dimensional (plate) deformation models is performed: in the beam model, the plate is treated as a cantilever 

beam of constant cross-section, the deflection of which is determined analytically based on classical strength-of-materials equations; in the 

plate model, the Kirchhoff-Love theory is used, accounting for the two-dimensional distribution of deformations, the interaction of bending in 
two coordinate directions, and the actual boundary conditions of the fixation. For each position of the tool along the machining trajectory, the 

local compliance was determined within both models, enabling their direct quantitative comparison. It is shown that the one-dimensional model 

systematically overestimates deflection and underestimates local stiffness, particularly along the plate’s free edge, leading to an 
underestimation of the calculated limiting feed rate and overly conservative process parameters. The two-dimensional model correctly accounts 

for the redistribution of deformations over the plate surface, produces a spatial compliance map as a function of two coordinates, and reflects 

the actual stiffness characteristics with significantly greater accuracy. The comparative analysis reveals fundamental differences in the 
assessment of vibration-prone zones, confirms the need to apply plate models when calculating adaptive milling conditions for thin-walled 

cantilever elements on CNC machines, and opens the possibility of increasing machining productivity without increasing the risk of chatter. 

Keywords: thin plate, compliance, deflection, workpiece stiffness, milling, vibrations, two-dimensional model, machining trajectory 

 

1. Introduction 

The milling of thin-walled structures is accompanied by significant elastic deformations caused by 

the low stiffness of the workpiece. The elasticity of thin plates can lead to form-making errors, vibration, 

reduced surface quality, and limited cutting productivity. As the cutting tool moves along the processing 

trajectory, the position of the resultant force application point changes, as does the stiffness of the “ma-

chine-tool-workpiece” system. To select appropriate cutting parameters and assess vibration hazard 

zones, it is necessary to determine the part's local compliance based on the cutter's position. In practice, 

simplified one-dimensional models are often used, treating a thin plate as a cantilever beam with a 
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constant cross-section. This approach is computationally simple but ignores stress redistribution in the 

direction of the plate's width and the peculiarities of bending interaction in two coordinates. However, 

the analysis showed that the one-dimensional approach significantly underestimates stiffness in several 

characteristic zones, particularly along the free edge. 

The purpose of this study is to compare a one-dimensional beam model and a two-dimensional 

plate deflection model for a thin cantilever plate, to identify key differences in compliance results, and 

to show how the choice of model affects the assessment of vibration hazard and the stability of the 

milling process. 

2. Literature analysis 

The problems of calculating the stress-strain state of thin plates and their behavior under the influ-

ence of local loads are widely presented in the scientific literature [1–3]. The classical works of Timo-

shenko and Voinovsky-Krieger laid the foundations of the theory of plates and shells, describing the 

relationships among bending, curvature, and stiffness characteristics of thin-walled elements. Later, the 

development of two-dimensional models continued in the studies of Reddy and other authors, who fo-

cused on refined theories of deformation and the effect of transverse shear, which is especially important 

for thin plates.  

Modern research focuses on modeling the deflection and vibration of thin-walled elements under 

the influence of concentrated or moving loads. In the works of Sanz-Calle et al., the conditions for the 

occurrence of self-oscillations during milling of thin walls are considered, which are close to the condi-

tions of technological loading of the cantilever plate [4]. Deliyianni et al. investigated the dynamic equa-

tions of motion of thin plates and beams, accounting for large deformations, which is important for 

describing the vibrational behavior of low-rigid elements under periodic loads [5]. Kurpiel et al., on the 

other hand, emphasize the importance of analyzing vibration signals directly when milling thin-walled 

parts made of low-rigid materials [6]. The research by Llanos et al. complements this picture by model-

ing deformation errors in the processing of thin-walled structures [7]. Qin et al. analyzed the dynamic 

response of a thin plate with a partially applied constrained damping layer under moving loads [8]. 

Particular attention is paid to the influence of real geometry, anisotropy, and variable stiffness on 

the distribution of deflection, as well as the specifics of the dynamic response of plates under loads [1, 

3, 9, 10]. For example, Ghaemifard and Ghannadiasl systematize problems with moving loads for beams 

and plates and emphasize the importance of accounting for the load trajectory and nature when assessing 

vibration loading of thin-walled elements [9]. Pini et al. have shown that two-dimensional bending can 

significantly increase the effective stiffness of thin plates [1]. At the same time, Rodriguez's work 

demonstrates how midsurface geometry and variations in stiffness distribution affect the shape of plates 

deformation [3]. The work of Wang et al. establishes a relationship between the multi-frequency dy-

namic model and the milling stability of thin-walled parts, emphasizing the influence of mode shapes 

and cutting forces on vibration development [10]. 

Regarding the problems of milling thin-walled parts, the research by Llanos et al. on the modeling 

of geometric shape error due to part deformation [7] is relevant, and Sanz-Calle et al. consider the con-

ditions for self-oscillations during the processing of thin plates [4]. Studies by Zelinskyi, Morozov, and 

Serebriy have shown the effect of wall thinness on the process's resistance to vibration [11]. 

A separate line of research is associated with methods for suppressing self-excited vibrations and 

optimizing cutting conditions for low-stiffness parts. In the previous studies by Tkach et al., an approach 

to controlling the milling conditions of thin-walled cantilever plates was proposed, based on indirect 

indicators, in particular the plate deflection, using a one-dimensional model. In these works, the possi-

bility of adjusting cutting parameters by modulating the feed was demonstrated, with the aim of stabi-

lizing the process and reducing the amplitude of regenerative vibrations [12]. In the study by Qin et al., 

it was proposed to coordinate feed planning with harmonic modulation of spindle speed in order to 

simultaneously suppress regenerative vibrations and increase cutting productivity [13]. Tonkonohyi et 

al. consider ways of implementing vibration suppression techniques in the machining of parts on CNC 

machines [14]. 

The analysis shows that most studies either examine plates under static or dynamic loads, or ana-

lyze vibrations during milling. Still, few compare one-dimensional and two-dimensional compliance 

models for moving process loads. This confirms the need for a systematic analysis of both models and 
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an assessment of their impact on the accuracy of local stiffness determination when milling thin-walled 

cantilever plates. 

3. Purpose of research 

The purpose of this study is a comparative analysis of two alternative approaches to modeling the 

compliance of a thin-walled cantilever plate under a concentrated force load: a one-dimensional beam 

model based on the classical equations of material resistance, and a two-dimensional plate model built 

within the framework of the classical Kirchhoff-Love plate theory and taking into account the distribu-

tion of deformations over the entire area of the plate. During the work, local compliance was determined 

at each point along the tool path for both models, enabling a direct quantitative comparison. The results 

obtained are aimed at identifying the degree of discrepancy between the models at different tool posi-

tions, assessing the impact of this discrepancy on the calculation of the maximum feed, and, as a result, 

on the possibility of a reasonable increase in the productivity of machining low-rigid cantilever elements 

without increasing the risk of self-oscillation. 
4. Research method 

To describe the deflection of thin plates, the classical Kirchhoff-Love theory is used. The deflection 

w(x, y) is determined by the solution of a fourth-order differential equation, which takes into account 

the interaction of bends in the x and y directions [2, 3]. 

The expression determines the stiffness of a plate: 
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where: E is the modulus of elasticity, 

 h is the thickness of the plate, 

 ν is Poisson’s ratio. 

Basic Equations 

Within the framework of the Kirchhoff-Love theory, the equation for the bending of the plate is 

given as: 
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here, the operator is a fourth-order bilinear Laplace operator acting on the deflection function. 

Concentrated Power 

If the load on the plate is the concentrated force Fz acting at (x0, y0), the right side of the equation 

is: 
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Problem formulation and modeling conditions 

To conduct a comparative analysis of the beam and plate models, a thin rectangular steel plate is 

considered, cantilevered and fixed along one of the short edges (see Fig. 1). 

 

Fig. 1. Cantilever plate geometry, coordinate system, and toolpath A-B-C with concentrated force Fz 

Geometric parameters 

The plate has the following dimensions: 

− length Lx=60 mm; 

− width Ly=40 mm; 

− thickness h=3 mm. 

The material is structural steel with an elastic modulus E=2.1×105 MPa and a Poisson’s ratio 

ν=0.3. 

Pinching is carried out along the x=0 line, the other three edges are free. 

Nature of the load 

During the milling process, a concentrated force Fz is applied to the insert at the point of contact 

between the tool and the part surface. In a static approximation, the load is modeled as a concentrated 

force moving along a given path. 

The toolpath is taken as a polyline A→B→C (Fig. 1): 

− section A→B – motion along the length of the plate at y=0; 

− section B→C − movement along the free edge at x=Lx. 

Thus, the coordinates of the point of force application change as follows: 

− section A→B: x = S, y = 0, 0 ≤ S ≤ Lx; 

− section B→C: x = Lx, y = S, 0 ≤ S ≤ Ly, 

where S is the current coordinate of the instrument position. 

Beam Model 

In the beam model, the plate is considered as a cantilever beam of length Lx with a constant moment 

of inertia (Fig. 2, a): 
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where b=Ly is the width of the plate. 
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Fig. 2. Calculation schemes: a − the beam model of the cantilever plate with the concentrated force Fz; b − the 

plate bending model with the distribution of deflection w(x, y) and compliance δ(x, y) 
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The expression determines deflection under the action of a concentrated force: 
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Compliance is defined as: 

 
( )

( )
z

w x
x

F
 = . (7) 

This model assumes no redistribution of deformation across the width. 

Plate model 

In the lamellar model (Fig. 2, b), a two-dimensional boundary bending problem is solved, taking 

into account all the boundary conditions given in Section 3. Deflection is defined as a function of two 

coordinates: 

 w = w(x, y).  

Compliance at the point of force application is calculated as: 

 0 0

0 0

( , )
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which allows you to take into account the tool’s position in both the length and width of the insert. 

Model Comparison Criterion 

For quantitative analysis, a relative discrepancy is introduced: 
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plate
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This parameter shows the percentage of overalignment when using a beam model. 

5. Results 

Numerical simulation is performed for the sequential movement of a concentrated force along the 

trajectory A→B→C. For each tool position, local compliance was determined using the beam and plate 

models. 

Section A→B (traffic along the length) 

In the first leg of the toolpath, the tool moves along the x-axis with y fixed at 0. 

In the beam model, the deflection is determined by the function: 

 
2

( ) (3 ).
6

x
F

w x L x
EI

= −  (10) 

The analysis shows that: 

− the deflection increases nonlinearly as it moves away from the pinching; 

− the maximum is reached at x=Lx; 

− the nature of the change is consistent with the cubic dependence. 

In the lamellar model, an increase in deflection is also observed, but the absolute values are lower. 

This is because some of the bending energy is redistributed along the plate’s width. 

The relative discrepancy between the models in section A→B is: 

− in the middle zone – 18…25%; 

− near the free edge − up to 30%. 

Thus, even in the first section, the beam model systematically overestimates compliance (Fig. 3, a). 

Section B→C (movement along the free edge) 

In the second section, the x=Lx coordinate remains constant, and the tool moves along the width 

of the plate. 

In the beam model, the compliance in a given section is assumed to be constant because it depends 

only on the x-coordinate. Therefore, the model predicts a constant deflection along the entire B→C line. 

In the plate model, the situation is fundamentally different: 

− at a distance from the corner zone, the deflection decreases; 

− the distribution of deformation acquires a spatial character; 
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− the maximum deflection is observed near the middle of the side B–C, and not along the entire line. 

The difference between models in the B→C section ranges from 40…60% (Fig. 3, b). 

This is because the beam scheme completely ignores bend interactions in the y-direction, whereas 

in the real plate, curvature is redistributed in two directions. 

 
 a b 

Fig. 3. Compliance δ dependent on the coordinate of the S tool: a − along the section A–B; b − along the section 

B–C , comparison of the beam and plate models 

The nature of the distribution of compliance 

If you think of compliance as a function of the position of the tool: 

− in the beam model, the dependence is one-dimensional; 

− in the lamellar model, a δ(x, y) surface is formed with a pronounced maximum in the angular 

zone. 

Thus, the beam model: 

− overestimates the zone of maximum compliance; 

− expands the vibration hazard area; 

− understates the part’s actual rigidity. 

The plate model provides a more localized picture of deformations and accurately captures the 

change in compliance as the tool is moved. 

Engineering Interpretation of Results 

From a practical point of view, the data obtained mean the following: 

1. When using a beam model, cutting data are selected with excessive care; 

2. Overestimating compliance leads to a 10…20% decrease in feed; 

3. In real-world conditions, the plate is more stable than predicted by the simplified model. 

Consequently, using a plate model allows you to determine permissible milling modes more accu-

rately without the risk of self-oscillation. 

Impact of Model Selection on Stability Assessment 

The assessment of the part’s compliance is directly related to the analysis of the cutting process’s 

stability. Under milling thin-walled elements, the system’s dynamic behavior is determined by the com-

bined stiffness of the machine-tool-part subsystems. At the same time, the part’s rigidity is often the 

determining factor in the occurrence of self-oscillations. 

The amplitude of forced oscillations in the first approximation is proportional to the compliance of 

the system: 

 
z

A F  , (11) 

where: A is the amplitude of oscillations; 

 Fz – concentrated force; 
δ – local compliance. 
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Consequently, overestimation of compliance in calculations leads to the prediction of higher oscil-

lation amplitudes and the formation of excessively conservative processing modes. 

Influence of Model Error on Maximum Feed Calculation 

In linear stability theory, the critical depth of cut or feed is inversely proportional to the compliance 

of the part: 

 
crit

1/ .a   (12) 

If the beam model overestimates compliance by 40%, the calculated maximum depth of cut is 

underestimated. This means a loss of potential productivity. 

Thus: 

− when using a beam model, the zone of instability is extended; 

− the plate model demonstrates a more compact vibration hazard area; 

− the real margin of stability is higher than predicted by a simplified calculation. 

Spatial nature of vibration hazard zones 

The beam model predicts the same compliance along the B→C line, thereby forming an extended 

vibration-hazard region at the free edge. 

The plate model shows: 

− maximum compliance is concentrated; 

− when displaced along the width, the compliance decreases. 

The vibration hazard zone is localized rather than spreading along the entire edge. 

This is of fundamental importance when developing adaptive strategies to adjust the feed along the 

toolpath. 

Practical conclusions for the technologist 

1. A beam model can be used for preliminary evaluation. 

2. To calculate the limit modes near the free edge, a plate model is required. 

3. Using a two-dimensional approach allows you to increase the flow rate without compromising 

stability. 

4. Potential productivity gains of 10…20% while maintaining surface quality. 
Conclusions 

A comparative analysis of beam and plate models is conducted to assess the compliance of a thin-

walled cantilever plate during milling. Based on theoretical and numerical research, the following results 

were obtained. 

1. It has been established that the beam model systematically overestimates the deflection values 

in comparison with the lamellar model, especially when the point of force application is removed from 

the pinch line. 

2. In the section of tool movement along the free edge, the discrepancy between the models reaches 

40…60%, which is due to the absence of redistribution of deformations along the width of the plate in 

the beam scheme. 

3. The plate model reflects the spatial nature of the bending and allows you to determine the real 

local compliance as a function of two coordinates δ(x,y). 

4. Overestimation of compliance in a beam model leads to an underestimation of the calculated 

1cutting limits and the formation of overly conservative technological parameters. 

5. The use of a plate model in the calculation of the stability of the milling process of thin-walled 

elements makes it possible to clarify the position of vibration hazard zones and increase machining 

productivity by 10…20% without increasing the risk of self-oscillation. 

The results confirm the utility of two-dimensional bending models for developing adaptive strate-

gies to control the milling modes of thin-walled cantilever plates. 
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